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Convergence of r.v.s

Let (⌦,F ,P) be a probability space. X and {Xn} are R valued (sequence

of) r.v.s.

Definition (Convergence almost surely)

Denote by Xn ! X a.s. (almost surely) if

P[{! 2 ⌦ : lim
n!1

Xn(!) = X (!)}] = 1

Definition (Convergence in Probability)

Denote by Xn ! X in probability if for any ⇢ > 0

lim
n!1

P[{! 2 ⌦ : |Xn(!)� X (!)| � ⇢}] = 0
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Convergence of r.v.s

Proposition

Xn ! X a.s. implies Xn ! X in probability.

Proposition

Xn ! X in probability implies there exists a subsequence of Xn converging
to X a.s..

Definition (Convergence in Law (in Distribution))

Let Fn and F be the c.d.f. of Xn and X for all n 2 N. Xn ! X in Law (in

Distribution) if

lim
n!1

Fn(x) = F (x)

for any x 2 R where F is continuous at x .

Proposition

Xn ! X in probability implies Xn ! X in Law.
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Convergence of r.v.s.

Definition
Given p > 0, denote by Xn ! X in Lp if

lim
n!1

E[|Xn � X |p] = 0

Question

(a). Show that Xn ! X in L2 implies Xn ! X in L1.
(b). Show that Xn ! X in Lp implies Xn ! X in probability.
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Brownian Motions

Question

Let f : R ! R be such that for some constant C > 0, f (x) < eC |x | for all
x 2 R. Define

u(t, x) = E[f (BT )|Bt = x ] = E[f (BT � Bt + x)].

Show that
(a)

@xu(t, x) = E[BT � Bt

T � t
f (BT � Bt + x)]

(b)

@2
xu(t, x) = E[ (BT � Bt)

2
+ (T � t)

(T � t)2
f (BT � Bt + x)]

Jiazhi Kang (CUHK) MATH 4210 Tutorial 5 12 October, 2022 5 / 6
FIFI FIZ Tx 71 ZN No Tt



Ca proof Fix It x E Rtx IR

UH x If IBT Bt TX
Denote Z NCO T t denote by Pz its pdf
so ult 7 IFC Z 21

L fight pacy dy
then Kult x f f ly ex Pz ly dy

IBP

Lege
3 Flyte pity dy

Paly Fat é MI C Ey
So Iseult x Ot fpyflyncspa.ly dy

EtI z1

FBI.BE BT Bt

b Similarly We apply the IBP



Greeks of Option

Question
Consider the European call option price at time t:

CE (t, St) = StN(d1)� e�(T�t)KN(d2)

where d1 =
ln(St/K)+(r+�2/2)(T�t)

�
p
T�t

and d2 = d1 � �
p
T � t. Compute

(a) Delta: � = @xCE (t, St).
(b) Gamma: � = @2

xCE (t, St).
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As a consequence
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